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The topological derivative provides the variation of a response functional when an inﬁnitesimal hole of a
particular shape is introduced into the domain. In this work, we compute higher order topological deriv-
atives for elasticity problems, so that we are able to obtain better estimates of the response when holes of
ﬁnite sizes are introduced in the domain. A critical element of our algorithm involves the asymptotic
approximation for the stress on the hole boundary when the hole size approaches zero; it consists of a
composite expansion that is based on the responses of elasticity problems on the domain without the
hole and on a domain consisting of a hole in an inﬁnite space. We present a simple example in which
the higher order topological derivatives of the total potential energy are obtained analytically and by
using the proposed asymptotic expansion. We also use the ﬁnite element method to verify the topological
asymptotic expansion when the analytical solution is unknown.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Classically known as topological derivative, the ﬁrst order topo-
logical derivative ﬁeld indicates the variation of a response func-
tional when an inﬁnitesimal hole of radius  centered at location
x^ is introduced in the body (Sokołowski and Zochowski, 1999). It
originally found applications in the structural optimization com-
munity in the so-called bubble method (Eschenauer et al., 1994).
In this method, holes are systematically nucleated in strategic loca-
tions to both lighten the structure and maintain load integrity.
Once the holes are nucleated, traditional shape optimization meth-
ods enlarge and reconﬁgure them. This concept has more recently
been combined with the ﬁctitious domain ﬁnite element method
to alleviate remeshing tasks that plague traditional shape optimi-
zation (Céa et al., 2000; Allaire et al., 2004; Mei and Wang,
2004). For example, Norato et al. (2007) combined the topological
derivative with an implicit geometric modeler to percolate holes
and move the boundary to obtain the optimal shape and topology.
In Novotny et al. (2003), an alternative topological derivative com-
putation is proposed that is based on shape sensitivity analysis, the
so-called topological-shape sensitivity method; it is used to solve
design problems in steady-state heat conduction. In other studies,
the topological-shape sensitivity method was applied to calculate
the topological derivative in elasticity problems (Novotny et al.,
2007). The topological derivative has also been applied to inverse
scattering problems. For example, in Feijoo (2004) it is used locatell rights reserved.
x: +1 217 244 6534.the boundaries of impenetrable scatters immersed in an otherwise
homogeneous medium. Guzina and Bonnet (2004) similarly solve
an inverse problem using the topological derivative to identify
the locations of cavities embedded in an elastic solid. Likewise,
the topological derivative is applied to detect and locate cracks in
an inverse heat conduction problem (Amstutz et al., 2005) and to
resolve inpainting problems, i.e., to identify the edges of a partially
hidden image (Auroux and Masmoudi, 2006).
The ﬁrst order topological asymptotic expansion, i.e., the expan-
sion that includes the ﬁrst order topological derivative, gives good
estimates for the response functional when inﬁnitesimal holes are
introduced in the domain. However, to obtain estimates corre-
sponding to the insertion of ﬁnite size holes, one should use higher
order terms in the expansion. In Rocha de Faria et al. (2007), the
topological-shape sensitivity method was extended to obtain the
second order topological derivative for the total potential energy
associated with the Laplace equation in two-dimensional problems
with different types of boundary conditions. Unfortunately, their
calculation disregarded some higher order terms, leading to a dis-
crepancy in the second order topological derivative as pointed out
by Bonnet (2007). However, despite disregarding those terms,
Rocha de Faria et al. (2008) argued that in some cases their proposed
‘‘incomplete” second order topological asymptotic expansion pro-
vides a better estimate for the total potential energy than the ﬁrst
order topological asymptotic expansion. To clarify this inconsis-
tency, the complete second order topological asymptotic expan-
sion for the Laplace problem was presented in Rocha de Faria
and Novotny (2009) along with their incomplete expansion show-
ing, by means of numerical examples, that the difference is indeed
small. Similar higher order topological derivatives were also
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Bonnet (2009).
In this work, we utilize the topological-shape sensitivity meth-
od to obtain higher order topological derivatives for two-dimen-
sional linear elasticity problems of homogeneous isotropic materials
(for nonlinear examples, such as in contact problems, the reader
may refer to Khludneva et al. (2009) and Sokołowski and Zochowski
(2005)). Therefore, we must evaluate the shape sensitivity of an
existing hole with respect to the hole radius. It has been shown
that this sensitivity depends on the stress evaluated on the hole
boundary (Haug et al., 1986). To obtain the higher order topologi-
cal derivatives, we propose an algorithm to obtain an asymptotic
expansion for the stress as the hole size approaches zero; it is
based on the responses of elasticity problems on the domain with-
out the hole and on a domain consisting of a hole in an inﬁnite
space (Kozlov et al., 1999). Without loss of generality, we limit
our discussion to a single response functional, the total potential
energy.
The reminder of this paper discusses the evaluation of higher
order topological derivatives (Section 2) and the asymptotic
analysis (Sections 3 and 4). An analytical example is presented in
Section 5 and conclusions are drawn in Section 6. For completeness,
we provide in the appendix details of the analytical solution for the
inﬁnite domain problem.
2. Topological derivative
We consider a domain X with boundary oX and outward nor-
mal vector n. When a small hole of radius  is introduced with cen-
ter at location x^, we denote the perturbed domain X x^ð Þ which has
boundary oX x^ð Þ ¼ oX [ oB x^ð Þ where oB x^ð Þ is the hole boundary
(cf. Fig. 1).
The variation of a bounded response functional W due to this
perturbation is expressed by the following topological asymptotic
expansion:
W X x^ð Þð Þ ¼ WðXÞ þ
Xn
j¼1
fjðÞDðjÞT W x^ð Þ þRðfnðÞÞ; ð1Þ
where DðjÞT W is the nonzero jth order topological derivative of W cf.
Sokołowski and Zochowski (2001) and Nazarov and Sokołowski
(2003) for the n = 1 case and Rocha de Faria (2007) for the n > 1
case. The gauge functions fj depend on the hole boundary condi-
tions; they are functions of the hole size , positive valued and
monotonically tend to zero as  tends to zero. These functions also
satisfy
lim
!0
fkðÞ
fjðÞ ¼ 0; k > j and lim!0
RðfnðÞÞ
fnðÞ ¼ 0; ð2Þ
where R is the remainder function. Here we denoteFig. 1. Domains (a) without perturbation and (b) wWðnÞ :¼ WðnÞ X x^ð Þð Þ ¼ WðXÞ þ
Xn
j¼1
fjðÞDðjÞT W x^ð Þ; ð3Þ
the nth order topological asymptotic expansion; it is an approxima-
tion to W X x^ð Þð Þ as ? 0 which is accurate to O(fn()), i.e., the error
is o(fn()).
From Eq. (1) we have the formal deﬁnition of the ﬁrst order
topological derivative,
Dð1ÞT W x^ð Þ ¼ lim!0
WðXÞ WðXÞ
f1ðÞ ; ð4Þ
if it exists, cf. Sokołowski and Zochowski (1999). However, fol-
lowing the developments in Sokołowski and Zochowski (2001),
Novotny et al. (2003) and Nazarov and Sokołowski (2003), we
may interpret the above as the singular limit of the shape derivative
d
dwðXÞ of the functional W with respect to the radius  of a small
hole centered x^, viz.
Dð1ÞT W x^ð Þ ¼ lim!0
1
f 01ðÞ
d
d
WðXÞ: ð5Þ
Without loss of generality, in this work we equateW to the total
potential energy, i.e.,
WðXÞ ¼ 1
2
Z
X
ru  T dX
Z
oX
tP  udoX; ð6Þ
where u is the displacement vector, T ¼ C½ru is the symmetric
Cauchy stress tensor, C is the elasticity tensor for a linear elastic
homogeneous isotropic material and tP is the applied boundary
traction on oX. For simplicity we assume traction loading and zero
body forces.
Here we adopt the topological-shape sensitivity method to
evaluate the topological derivatives. In this approach, a small hole
of radius  is presumed to exist at the location x^ (Fig. 1b). A shape
sensitivity analysis is performed on Eq. (1) such that (Rocha de
Faria, 2007)
d
d
WðXÞ ¼
Xn
j¼1
f 0j ðÞDðjÞT W x^ð Þ þR0ðfnðÞÞf 0nðÞ
¼
Xj1
i¼1
f 0i ðÞDðiÞT W x^ð Þ
 
þ f 0j ðÞDðjÞT W x^ð Þ
þ
Xn
k¼jþ1
f 0kðÞDðkÞT W x^ð Þ
 
þR0ðfnðÞÞf 0nðÞ: ð7Þ
Note that here we omit the x^ dependency of the domain X for
notation simplicity. We adopt this notation for the equations that
follow. Rearranging the above equation, taking the limit as ? 0
and assuming that
lim
!0
R0ðfnðÞÞf 0nðÞ
f 0j ðÞ
¼ 0 ð8Þith a hole of size  with center at location x^.
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DðjÞT W x^ð Þ ¼ lim!0
1
f 0j ðÞ
d
d
WðXÞ 
Xj1
i¼1
f 0i ðÞDðiÞT W x^ð Þ
 !( )
: ð9Þ
When j = 1 we recognize the classical deﬁnition of the ﬁrst order
topological derivative cf. Eq. (5).
Remark 1. From Eq. (9) we see that in addition to the require-
ments of Eq. (2), the gauge function fj must also be deﬁned such
that DðjÞT W is ﬁnite and nonzero. Indeed D
ðjÞ
T W must be ﬁnite since
we assume that the response functionalW is always bounded. The
choice of fj is up to an O(1) constant, i.e., if fj is a suitable function
for Eq. (9), then b fj is also suitable for any constant b > 0. However,
the choice of b has no effect on the topological asymptotic
expansion, cf. Eq. (1).
As just mentioned, the shape derivative ddWðXÞ corresponds to
the shape variation of the domain X with respect to the hole ra-
dius ; this variation is prescribed via the so-called velocity ﬁeld
v, i.e., the boundary variation
vðxÞ ¼ 0 on oX;
vðxÞ ¼ n on oB:
ð10Þ
Therefore, the shape sensitivity results in an integral over the
boundary oB as
d
d
WðXÞ ¼ 
Z
oB
Rn  ndoB; ð11Þ
where R denotes the energy momentum tensor
R ¼ 1
2
ðru  TÞI ruTT; ð12Þ
and the sub-index  denotes the quantities evaluated on the per-
turbed domain X. Similar sensitivity expressions are obtained for
other functionals, cf. Haug et al. (1986).
To evaluate the limit in Eq. (9) we need the behavior of T as 
approaches zero. Assuming traction free boundary conditions on
the hole, the boundary value problem in the perturbed domain
X is stated as: ﬁnd T such that
divT ¼ 0 in X;
Tn ¼ 0 on oB;
Tn ¼ tP on oX:
ð13Þ3. Asymptotic analysis
To obtain an approximation for T valid for  1, we propose
the following composite expansion (Fig. 2):
TðxÞ ¼ TðxÞ þ eT ðyÞ; ð14ÞFig. 2. Composite expansion expressed as the sum of responses on a domain wwhere
TðxÞ ¼ F0ðÞT ð0ÞðxÞ þ F1ðÞT ð1ÞðxÞ þ F2ðÞT ð2ÞðxÞ þ    ð15Þ
is denoted the outer stress andeT ðyÞ ¼ F0ðÞeT ð0ÞðyÞ þ F1ðÞeT ð1ÞðyÞ þ F2ðÞeT ð2ÞðyÞ þ    ð16Þ
is denoted the inner stress; the latter uses the scaled variable y = x/
. The gauge functions Fi() satisfy
lim
!0
Fiþ1ðÞ
FiðÞ ¼ 0: ð17Þ
Note that the sum of the outer and inner stresses must satisfy the
boundary conditions of Eq. (13), i.e.,
Tn ¼ Tnþ eT 
y¼x=
n ¼ tP; x 2 oX ð18Þ
and
Tn ¼ Tnþ eT 
y¼x=
n ¼ 0; x 2 oB: ð19Þ
In the following, we describe the boundary value problems for T(j)
and eT ðjÞ.
The outer stress T(j) satisﬁes the boundary value problem in the
unperturbed domain (Fig. 2), i.e., ﬁnd T(j) such that
divT ðjÞ ¼ 0 in X;
T ðjÞn ¼ tðjÞ on oX:
ð20Þ
The prescribed traction t(j) is deﬁned such that the boundary condi-
tion of Eq. (18) is satisﬁed. In general the outer stress T(j) does not
satisfy the traction free boundary condition on the hole of the per-
turbed domain, cf. Eq. (19). Moreover, for existence of the solution,
the resultant vector of the external forces must be zero, i.e.,
(Muskhelishvili, 1953)Z
oX
tðjÞ doX ¼ 0: ð21Þ
The inner stress eT ðjÞ is used to annihilate the traction T(j)n on the
hole boundary introduced by the outer stress. It is expressed in
terms of the stretched coordinate y, which for larger values corre-
sponds to points x within O() distance from x^. Hence for the cor-
responding boundary value problem, we solve an inﬁnite domain
problem in which the stress decays away from the hole. More pre-
cisely, the inner stress eT ðjÞ satisﬁes the boundary value problem
diveT ðjÞ q; ~h  ¼ 0 in R2 n B1;eT ðjÞ q; ~h n ~h  ¼ ~tðjÞ ~h  on oB1;eT ðjÞ q; ~h ! 0 at q!1;
ð22Þithout the hole X and local (scaled) inﬁnite domain with a hole R2 n B1.
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position vector q~er ~h
 
with respect to a cylindrical coordinate sys-
tem with origin at x^ and basis vectors ~er; ~ehf g, cf. Fig. 3. Note that
q ¼ ~r=, where ~r~er ~h
 
is the position vector of the point x with re-
spect to the same cylindrical coordinate system. We also denote B1
as the hole of radius q = 1 with boundary oB1 and normal vector
n ¼ ~er . In the same manner as the outer problem, the traction
~tðjÞ is deﬁned such that the boundary condition of Eq. (19) is satis-
ﬁed and also satisfy global equilibrium cf. Eq. (21).
To solve the inner boundary value problem of Eq. (22), we use
the Muskhelishvili complex potentials method (Muskhelishvili,
1953). The solution method, described in Appendix A, gives the in-
ner stress
eT ðjÞ q; ~h  ¼X1
k¼2
1
qk
gðjÞ k; ~h
 
; ð23Þ
where the functions g(j) depend on the boundary tractions ~tðjÞ.
3.1. Boundary condition for the outer problem
To determine the boundary tractions for the outer problems we
combine Eqs. (15), (16) and (18) to give
F0ðÞT ð0ÞðxÞnþ F1ðÞT ð1ÞðxÞnþ F2ðÞT ð2ÞðxÞnþ   
þ F0ðÞeT ð0Þðx=Þnþ F1ðÞeT ð1Þðx=Þnþ F2ðÞeT ð2Þðx=Þnþ   
¼ tPðxÞ; ð24Þ
where x 2 oX and here and henceforth it is understood that n is
evaluated at x unless speciﬁcally indicated otherwise. Knowing
the general form of the inner stress eT ðjÞðx=Þ we now examine its
behavior for x 2 oX. Hence Eq. (23) is rewritten as
eT ðjÞ ~r=; ~h  ¼X1
k¼2
khðjÞk ~r; ~h
 
; ð25Þ
where
hðjÞk ~r; ~h
 
¼
gðjÞ k; ~h
 
~rk
ð26Þ
are all O(1) quantities with respect to .
From Eqs. (24) and (25) we deﬁne the gauge functions Fi such
that
FiðÞ ¼ i; ð27Þ
and hence Eqs. (15) and (16) become
TðxÞ ¼ T ð0ÞðxÞ þ T ð1ÞðxÞ þ 2T ð2ÞðxÞ þ    ;eT ðyÞ ¼ eT ð0ÞðyÞ þ eT ð1ÞðyÞ þ 2eT ð2ÞðyÞ þ    : ð28ÞFig. 3. Global and localCombining Eqs. (24), (25) and (27) gives
T ð0ÞðxÞnþT ð1ÞðxÞnþ2T ð2ÞðxÞnþ
þ2hð0Þ2 ~r;~h
 
nþ3hð0Þ3 ~r;~h
 
nþ4hð0Þ4 ~r;~h
 
nþ
þ3hð1Þ2 ~r;~h
 
nþ4hð1Þ3 ~r;~h
 
nþ5hð1Þ4 ~r;~h
 
nþ
þ4hð2Þ2 ~r;~h
 
nþ5hð2Þ3 ~r;~h
 
nþ6hð2Þ4 ~r;~h
 
nþ¼ tPðxÞ; ð29Þ
where ~r~er ~h
 
¼ x 2 oX is a boundary point.
Collecting like-wise powers of  yields the outer traction bound-
ary conditions of Eq. (20), i.e.,
tð0ÞðxÞ ¼ tPðxÞ;
tð1ÞðxÞ ¼ 0;
tð2ÞðxÞ ¼ hð0Þ2 ~r; ~h
 
n;
..
.
tðjÞðxÞ ¼ 
Xj2
k¼0
hðkÞjk ~r; ~h
 
n; jP 2:
ð30ÞRemark 2. From Eqs. (26) and (30), we observe that as ~r increases,
i.e., the hole position moves away from the boundary oX, the outer
traction t(j)(x) for jP 2 decreases due to the 1=~rm terms with
m = 2,3, . . ., j. Hence the contribution of the outer solutions T(j)(x)
for jP 2 to the composite expansion of Eq. (14) decreases.3.2. Boundary condition for the inner problem
To determine the boundary tractions for the inner problems we
combine Eqs. (19) and (28) to give
T ð0ÞðxÞnþ T ð1ÞðxÞnþ 2T ð2ÞðxÞnþ   
þ eT ð0Þðx=Þnþ eT ð1Þðx=Þnþ 2eT ð2Þðx=Þnþ    ¼ 0;
ð31Þ
for x 2 oB. Since B is a hole with small radius , we expand T(j)(x)
about x^, i.e., the center of the hole, using x x^ ¼ n where
nðxÞ ¼ ðx x^Þ= x x^j j to obtain
T ð0Þ x^ð Þn  d
dx
T ð0Þ x^ð Þ½nnþ 
2
2!
d2
dx2
T ð0Þ x^ð Þ½n;nnþ   
þ T ð1Þ x^ð Þn 2 d
dx
T ð1Þ x^ð Þ½nnþ 
3
2!
d2
dx2
T ð1Þ x^ð Þ½n;nnþ   
þ 2T ð2Þ x^ð Þn 3 d
dx
T ð2Þ x^ð Þ½nnþ 
4
2!
d2
dx2
T ð2Þ x^ð Þ½n;nnþ   
þ eT ð0Þ q; ~h nþ eT ð1Þ q; ~h nþ 2eT ð2Þ q; ~h nþ    ¼ 0:
ð32Þcoordinate systems.
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 
2 oB1 where q = 1 and
~er ¼ n.
Collecting like-wise powers of  yields the inner traction bound-
ary condition of Eq. (22), i.e.,
~tðjÞ ~h
 
¼  T ðjÞ x^ð Þnþ
Xj
k¼1
ð1Þk
k!
dk
dxk
T ðjkÞ x^ð Þ ½n; . . . ;n
zﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄ{k
n
0@ 1A: ð33Þ4. Algorithm
We now simplify the shape sensitivity of Eq. (11) using the trac-
tion free boundary condition on the hole, i.e., T n = 0. Hence we
obtain
d
d
WðXÞ ¼ 
Z
oB
Rn  ndoB
¼ 
Z
oB
1
2
ru  T ruTTn  n
 
doB
¼ 
Z
oB
1
2
ru  T doB: ð34Þ
Assuming linear elastic isotropic homogenous material, the shape
sensitivity hence becomes
d
d
WðXÞ ¼ 
Z 2p
0
ðThh Þ2
2E
d~h; ð35Þ
where E is the Young’s modulus and we use the cylindrical coordi-
nate system cf. Fig. 3 to express the integral and stress
T ¼ Trr ~er  ~er þ Trh ~er  ~eh þ Thr ~eh  ~er þ Thh ~eh  ~eh: ð36Þ
To evaluate the topological derivative of Eq. (9), we approximate the
stress T(x) for x 2 oB using the composite expansion of Eq. (14),
i.e.,
TðxÞ ¼ T ðmÞ ðxÞ þ O mþ1
 	
; ð37Þ
where
T ðmÞ ðxÞ ¼
Xm
j¼0
 j T ðjÞðxÞ þ eT ðjÞðyÞ ; ð38Þ
with y = x/. As in Eq. (32), we additionally approximate T(j)(x) using
Taylor expansion about x^ with x x^ ¼ n.
The algorithm to compute DðnÞT W is hence:
m ¼ 1; j ¼ 0:
WHILE m 6 n DO
– Determine the outer stress T(j) by solving Eq. (20) with t(j) given
by Eq. (30);
– Determine the inner stress eT ðjÞ by solving Eq. (22) with ~tðjÞ given
by Eq. (33);
– IF j = 0 THENT ð0Þ ðxÞ ¼ T ð0Þ x^ð Þ þ eT ð0Þ 1; ~h  : ð39Þ
– ELSET ðjÞ ðxÞ ¼ T ðj1Þ ðxÞ þ j T ðjÞ x^ð Þ þ eT ðjÞ 1; ~h  
þ j
Xj1
k¼0
ð1Þjk
ðj kÞ!
djk
dxjk
T ðkÞ x^ð Þ ½n; . . . ;n
zﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄ{jk
: ð40Þ– ENDIF
– j = j + 1
– EvaluateT ¼ T ðjÞ ðxÞ þ O jþ1
 	 ð41Þ
dt ¼
Z
oB
Rn  ndoB þ
Xm1
i¼1
f 0i ðÞDðiÞT W x^ð Þ: ð42Þ– IF dt– 0 THEN
?choose fm() according to Remark 1;
?evaluate DðmÞT W, combining Eqs. (9) and (35), i.e.,
DðmÞT W x^ð Þ ¼  lim!0
1
f 0mðÞ
Z 2p
0
ðThh Þ2
2E
d~hþ
Xm1
i¼1
f 0i ðÞDðiÞT W x^ð Þ
 !
;
ð43Þ
?m =m + 1;
ENDIF
END WHILE
The logical test ‘‘If dt– 0” is included in the algorithm to ac-
count for the degenerate situation in which the jth order composite
stress expansion T ðjÞ would render a zero topological derivative,
i.e., it does not completely determine the next term on the topolog-
ical asymptotic expansion of Eq. (1). We encounter this situation in
our examples.
5. Analytical example
In order to verify the proposed asymptotic expansion,we present
one simpleexamplewhichconsists of a circulardomainXof radiusR
such that oX = {(r,h)jr = R} where we use the cylindrical coordinates
x = rer(h) (Fig. 4a). The domain is subject to the non-uniform traction
tP(h) = ((1 + cos(3h))er(h) + sin (2h)eh(h)) MPa over oX.
The response for this circle problem satisﬁes the boundary va-
lue problem
divT ¼ 0 in X;
Tn ¼ tP on oX; ð44Þ
and has an analytical expression cf. Eqs. (57) and (58) and Muskhe-
lishvili (1953), from which the total potential energy of the unper-
turbed domain is found to be
W :¼ WðXÞ ¼ pR
2ð87þ 37mÞ
48E
: ð45Þ
For the given parameter values E = 1 GPa, m = 0.3 and R = 1 m, the to-
tal potential energy isW = 4.96764 kNm and the Von Mises stress
distribution is depicted on the deformed conﬁguration in Fig. 4b.
5.1. Topological derivative for a hole introduced at the center
We ﬁrst evaluate the total potential energy when a small hole of
radius  is introduced at the center. The perturbed domain X is
now deﬁned by two concentric circles of radii R and , such that
oB = {(r,h)jr = }, cf. Fig. 5. The response of this ring problem satis-
ﬁes the boundary value problem of Eq. (13) and is also available
analytically.
Using the analytical response, the total potential energy of the
perturbed domain is hence given by (Muskhelishvili, 1953)
W :¼ WðXÞ
¼ pR
2ð87þ 37mÞ
48E
 2p
2
E
 13p
4
2R2E
þ 8p
6
3R4E
 195p
8
4R6E
þ o 8 	:
ð46Þ
Fig. 4. (a) Circular domain with non-uniform traction tP. (b) Deformed conﬁguration and Von Mises stress representation.
Fig. 5. Perturbed circular domain with non-uniform traction tP(h).
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the ring problem
To evaluate the topological asymptotic expansion for the total
potential energy we need to evaluate T on the boundary oB as 
approaches zero. From the analytical response we obtain
Thh ð; hÞ ¼ 2
6
R
cosð3hÞ þ 2
2
R2
ð1þ 2 cosð2hÞÞ þ 6
3
R3
cosð3hÞ
þ 2
4
R4
ð1þ 4 cosð4hÞÞ  54
5
R5
cosð3hÞ þ O 6 	:
ð47Þ
And upon substituting Eq. (47) into Eq. (43), we ﬁnd that to satisfy
Eqs. (1) and (2) we require fk() = p2k. Finally, computing the limit
as  approaches zero gives
Dð1ÞT Wð0Þ ¼ 
2
E
; ð48Þ
Dð2ÞT Wð0Þ ¼ 
13
2R2E
; ð49Þ
and
Dð3ÞT Wð0Þ ¼
8
3R4E
: ð50Þ
And hence from Eq. (3) we obtain the following topological asymp-
totic expansions:Wð1Þ ¼
pR2ð87þ 37mÞ
48E
 2p
2
E
; ð51Þ
Wð2Þ ¼
pR2ð87þ 37mÞ
48E
 2p
2
E
 13p
4
2R2E
; ð52Þ
Wð3Þ ¼
pR2ð87þ 37mÞ
48E
 2p
2
E
 13p
4
2R2E
þ 8p
6
3R4E
; ð53Þwhich are seen to agree with Eq. (46).
Fig. 6a shows the analytical total potential energy curve W cf.
Eq. (46) as a function of the normalized hole size /R, as well as
the topological asymptotic expansions Wð1Þ ; W
ð2Þ
 and W
ð3Þ
 . As ex-
pected, for larger hole sizes  the higher order topological asymp-
totic expansions Wð2Þ and W
ð3Þ
 give better estimates for the total
potential energy than the ﬁrst order expansion Wð1Þ . More impor-
tantly perhaps, in engineering applications for which the analytical
solution is unavailable, the second order topological derivative can
be used to provide a range of  over which the ﬁrst order topolog-
ical derivative provides a reasonable approximation. For this exam-
ple, we see that the ﬁrst order topological derivative gives good
results for /R < 0.15, cf. Fig. 6b.
Fig. 7a depicts the difference between the analytical solutionW
and the nth topological asymptotic expansion, i.e., WðnÞ . For small
radius sizes  we note that the Wð1Þ estimate gives larger errors
than theWð2Þ and theW
ð3Þ
 estimates. We also observe that for holes
with small radii  the error is reduced when the order n of the
topological asymptotic expansion increases, as expected. However,
this trend is not necessarily true for holes with larger . Indeed, as
shown in Fig. 7b, for /R > 0.15 the Wð2Þ estimate gives smaller er-
rors than the Wð3Þ estimate. Comparing Eqs. (46), (52) and (53),
we can writeW Wð2Þ ¼
8p6
3R4E
 195p
8
4R6E
þ o 8 	 ð54ÞandW Wð3Þ ¼ 
195p8
4R6E
þ o 8 	: ð55ÞWe observe that the positive term in Eq. (54) yields smaller errors
in the Wð2Þ estimate when compared to the W
ð3Þ
 estimate for larger
hole sizes. This explains the ‘‘kink” in Fig. 7b which is attributed to
the sign change of Eq. (54), as depicted in Fig. 7a.
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Fig. 6. Topological asymptotic expansions for the total potential energy.
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Fig. 7. Total potential energy error.
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T
Ingeneral, theanalytical response isunavailable; ratherweuse the
composite expansion of Eq. (14) to approximate it. Here we employ
the algorithm introduced in Section 4 to evaluate the stress T and
theﬁrstandsecondorder topologicalderivatives for the ringexample.
 j = 0
In the j = 0 outer problem, the boundary traction is given by, cf.
Eq. (30) and Fig. 5,
tð0ÞðhÞ ¼ tPðhÞ ¼ ð1þ cosð3hÞÞerðhÞ þ sinð2hÞehðhÞ; ð56Þ
which gives
T ð0Þ ¼ Tð0Þrr er  er þ T ð0Þrh er  eh þ Tð0Þhr eh  er þ Tð0Þhh eh  eh; ð57Þ
where
Tð0Þrr ðr; hÞ ¼ 1þ
3r
2R
cosð3hÞ  r
3
2R3
cosð3hÞ;
Tð0Þrh ðr; hÞ ¼ 
3r
2R
sinð3hÞ þ r
2
R2
sinð2hÞ þ 3r
3
2R3
sinð3hÞ;
Tð0Þhh ðr; hÞ ¼ 1
3r
2R
cosð3hÞ þ 2r
2
R2
cosð2hÞ þ 5r
3
2R3
cosð3hÞ:
ð58ÞFor a hole with center located at any given position x^, we have on
the hole boundary n ¼ ~er , cf. Fig. 3. According to Eq. (33), the
boundary traction for the j = 0 inner problem is deﬁned as
~tð0Þ ~h
 
¼ T ð0Þ x^ð Þn ¼ T ð0Þ x^ð Þ~er
¼ Tð0Þrr x^ð Þ e^r  e^rð Þ~er þ Tð0Þrh x^ð Þ e^r  e^hð Þ~er
þ Tð0Þhr x^ð Þ e^h  e^rð Þ~er þ Tð0Þhh x^ð Þ e^h  e^hð Þ~er : ð59Þ
For now, we consider the special case of a hole with center located
at x^ ¼ 0 so that on oB we have n = er and ~h ¼ h (cf. Fig. 5) which
gives
~tð0ÞðhÞ ¼ Tð0Þrr ð0; hÞerðhÞ þ Tð0Þrh ð0; hÞehðhÞ ¼ erðhÞ: ð60Þ
The inner stress is obtained from Eq. (23) and has cylindrical
components
eT ð0Þrr ðq; hÞ ¼  1q2 ;eT ð0Þrh ðq; hÞ ¼ 0;eT ð0Þhh ðq; hÞ ¼ 1q2 :
ð61Þ
Therefore, using Eq. (39) we obtain
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 
hh
¼ Tð0Þhh ð0; hÞ þ eT ð0Þhh ð1; hÞ ¼ 2; ð62Þ
which gives the following stress component approximation:
Thh ðxÞ ¼ 2þ OðÞ; ð63Þ
where x 2 oB and its square
Thh ðxÞ
 2
¼ 4þ OðÞ: ð64Þ
We now evaluate the ﬁrst order topological derivative from Eq. (43),
i.e.,
Dð1ÞT Wð0Þ ¼  lim!0
1
f 01ðÞ
Z 2p
0
4þ OðÞ
2E
dh|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
dt
8><>:
9>=>;; ð65Þ
where we see that dt– 0. Hence from Remark 1, we require that
f1() = p2 and the above equation gives
Dð1ÞT Wð0Þ ¼ 
1
4pE
Z 2p
0
lim
!0
4

 
þ lim!0
O 2
 	

 
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
0
dh ¼ 2
E
:
ð66Þ
Combining Eqs. (3) and (66), we have
Wð1Þ ¼ W
2p2
E
; ð67Þ
which agrees with our analytical result of Eq. (51).
 j = 1
In the j = 1 outer problem, the boundary traction is given by Eq.
(30) as
tð1Þ ¼ 0; ð68Þ
which according to the boundary value problem of Eq. (20) gives
T ð1ÞðxÞ ¼ 0: ð69Þ
The j = 1 inner problem has the boundary traction, cf. Eq. (33)
~tð1Þ ¼ T ð1Þrr x^ð Þþ
dTð0Þrr x^ð Þ
dr
 !
erþ Tð1Þrh x^ð Þþ
dTð0Þrh x^ð Þ
dr
 !
eh¼ 32R cosð3hÞer :
ð70Þ
Hence from Eq. (23) the inner stress has cylindrical components
eT ð1Þrr ðq; hÞ ¼ 6 cosð3hÞRq5  15 cosð3hÞ2Rq3
 
;
eT ð1Þrh ðq; hÞ ¼ 6 sinð3hÞRq5  9 sinð3hÞ2Rq3
 
;
eT ð1Þhh ðq; hÞ ¼ 3 cosð3hÞ2Rq3  6 cosð3hÞRq5
 
:
ð71Þ
Therefore, via Eq. (40) we obtain
Tð1Þ
 
hh
¼ T ð0Þ
 
hh
þ  Tð1Þhh ð0; hÞ þ eT ð1Þhh ð1; hÞ þ  dT ð0Þhh x^ð Þdr
¼ 2þ  3 cosð3hÞ
2R
 6 cosð3hÞ
R
 
  3 cosð3hÞ
2R
 
¼ 2 6
R
cosð3hÞ; ð72Þ
which gives the following stress component approximation:
Thh ðxÞ ¼ 2
6
R
cosð3hÞ þ O 2 	; ð73Þwhere x 2 oB and its square
Thh ðxÞ
 2
¼ 4 24
R
cosð3hÞ þ O 2 	: ð74Þ
We now use Eq. (43) to evaluate the second order topological deriv-
ative, i.e.,
Dð2ÞT Wð0Þ ¼  lim!0
1
f 02ðÞ
Z 2p
0
Thh
 2
2E
dhþ f 01ðÞDð1ÞT Wð0Þ
0B@
1CA
8><>:
9>=>;
¼  1
2E
lim
!0
1
f 02ðÞ
Z 2p
0
24
2
R
cosð3hÞ þ O 3 	 dh|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
dt
8>><>>:
9>>=>>;:
ð75Þ
From Remark 1 we require f2() = p3. However, Eq. (75) gives
dt ¼ 
Z 2p
0
24
3pR
cosð3hÞdh ¼ 0: ð76Þ
Therefore, we see that the second order topological derivative
Dð2ÞT Wð0Þ cannot be determined from the composite expansion of
Eq. (73). In other words, to obtain the third term in the topological
asymptotic expansion of Eq. (3) we need to compute the O(2) term
on the composite expansion T by solving the j = 2 problem. More-
over, we observe that the topological asymptotic expansion of the
total potential energy is not a function of 3, as expected from Eq.
(46).
Remark 3. Eq. (75) could be expressed asDð2ÞT Wð0Þ ¼ 
1
2E
lim
!0
1
f 02ðÞ
Z 2p
0
24
2
R
cosð3hÞ þ 36
3
R2
cos2ð3hÞ


þ c3 þ O 4
 
dh

; ð77Þ
where c is a constant that depends on the missing O(2) term on the
composite expansion of Thh cf. Eq. (73). And since
R 2p
0 cosð3hÞdh ¼ 0,
we see that if we assign f2() = p4 then Eq. (77) gives
Dð2ÞT Wð0Þ ¼ 
1
2E
Z 2p
0
36
4pR2
cos2ð3hÞdh c1 ¼  9
2R2E
 c1; ð78Þ
where c1 depends on the O(2) contribution to T, which is a attrib-
uted to the outer stress T(2) and hence it is expressed in terms of
quantities on the boundary oX. Therefore, Eq. (78) does not deter-
mine Dð2ÞT W, since c1 is unknown. According to Remark 2, we know
that the contribution of the outer stress T(2) is minimal when the
hole is located far away from the boundary oX, as discussed in
Bonnet (2007), Rocha de Faria et al. (2008) and here in the text
surrounding Fig. 9. In this work, we denote the expansion eWð2Þ the
‘‘incomplete” second order topological asymptotic expansion ob-
tained from Eqs. (3) and (78)
eWð2Þ ¼ W 2p2E  9p42R2E ; ð79Þ
which does not agree with our analytical result of Eq. (52). j = 2
In the j = 2 outer problem, the boundary traction is given by Eq.
(30) as
tð2Þ ¼ hð0Þ2 ~r; ~h
 
n ¼ hð0Þ2 ðR; hÞer ¼
1
R2
er ; ð80Þ
which yields the components
0 0.1 0.2 0.3 0.4
0
0.02
0.04
0.06
0.08
0.1
0.12
0.14
0.16
0.18
Fig. 9. Error between Wð2Þ and eWð2Þ for holes at different distances from the
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1
R2
;
Tð2Þrh ðr; hÞ ¼ 0;
Tð2Þhh ðr; hÞ ¼
1
R2
:
ð81Þ
Hence the j = 2 inner problem has the boundary traction, cf. Eq. (33)
~tð2Þ ¼  T ð2Þ x^ð Þ  d
dx
T ð1Þ x^ð Þ½n|ﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
0
þ1
2
d2
dx2
T ð0Þ x^ð Þ½n;n
0BB@
1CCAn
¼ T ð2Þ x^ð Þ þ 1
2
d2
dx2
T ð0Þ x^ð Þ½er ; er
 !
er
¼ 1
R2
er þ 0eh
 
þ 0er þ 12
2 sinð2hÞ
R2
eh
 
; ð82Þ
which gives the inner stress components, cf. Eq. (23)
eT ð2Þrr ðq; hÞ ¼ 2 cosð2hÞR2q2  2 cosð2hÞR2q4  1R2q2 ;eT ð2Þrh ðq; hÞ ¼ sinð2hÞR2q2  2 sinð2hÞR2q4 ;eT ð2Þhh ðq; hÞ ¼ 2 cosð2hÞR2q4 þ 1R2q2 :
ð83Þ
Therefore, we obtain from Eq. (40)
Tð2Þ
 
hh
¼ Tð1Þ
 
hh
þ 2 T ð2Þhh ð0; hÞ þ eT ð2Þhh ð1; hÞ þ 22 d
2T ð0Þhh x^ð Þ
dr2
¼ Tð1Þ
 
hh
þ 2 1
R2
þ 2 cosð2hÞ
R2
þ 1
R2
 
þ 
2
2
4 cosð2hÞ
R2
¼ 2 6
R
cosð3hÞ þ 2
2
R2
ð1þ 2 cosð2hÞÞ; ð84Þ
which yields the following stress component approximation:
Thh ðxÞ ¼ 2
6
R
cosð3hÞ þ 2
2
R2
ð1þ 2 cosð2hÞÞ þ O 3 	; ð85Þ
where x 2 oB and its square
Thh ðxÞ
 2
¼ 4 24
R
cosð3hÞ þ 36
2
R2
cos2ð3hÞ
þ 8
2
R2
ð1þ 2 cosð2hÞÞ þ O 3 	: ð86Þ0 0.1 0.2 0.3 0.4 0.5 0.6
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Fig. 8. Topological asymptotic expansions for the total potential energy.We now use Eqs. (43) and (86) to evaluate the second order topo-
logical derivative, i.e.,
Dð2ÞT Wð0Þ ¼  lim!0
1
f 02ðÞ
Z 2p
0
Thh
 2
2E
dhþ f 01ðÞDð1ÞT Wð0Þ
0B@
1CA
8><>:
9>=>;
¼  lim
!0
1
f 02ðÞ
Z 2p
0
3
2R2E
ð8þ 36 cos2ð3hÞÞ þ O 4 	 dh|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
dt
8>><>>:
9>>=>>;;
ð87Þ
where we used the fact that
R 2p
0 cosðkhÞdh ¼ 0 for k 2 N. From Eq.
(87) we see that dt– 0. Moreover, from Remark 1 we require
f2() = p4 and hence Eq. (87) gives
Dð2ÞT Wð0Þ ¼ 
4
2R2E
 9
2R2E
¼  13
2R2E
: ð88Þ
Combining Eqs. (3), (66) and (88) yields the second order topologi-
cal asymptotic expansion
Wð2Þ ¼ W
2p2
E
 13p
4
2R2E
; ð89Þ
which agrees with our analytical result of Eq. (52).Fig. 10. Domain with a hole at a given location x^ ¼ r^; h^
 
.
boundary oX.
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of T, and consequently the computation of the second order topo-
logical asymptotic expansion, may be impractical from the compu-
tational point of view. Indeed its evaluation requires the solution of
two outer problems; the j = 0 problem in which the traction tP is
applied and the j = 2 problem in which the traction hð0Þ2 ~r; ~h
 
n
is applied. The j = 0 problem is what the engineer sees, i.e., the do-
main without the hole subject to the traction boundary condition.Fig. 12. Topological asymptotic expansions when a ho
Fig. 11. Meshed domains for holes oWhereas the j = 2 problem is a new problemwhich is dependent on
the hole location, here x^ ¼ 0. Thus, for each hole location of inter-
est, a j = 2 problem must be solved. On the other hand, the ‘‘incom-
plete” topological derivative expansion eWð2Þ depends only on the
j = 0 problem. And as the inﬂuence of the external boundary oX
disappears, i.e., as the hole position x^moves away from the bound-
ary, the error of the eWð2Þ approximation decreases, cf. Remarks 2
and 3.le is introduced at r^ ¼ 0:3 and different angles h^.
f different sizes  = {0.1,0.2,0.3}.
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example, the eWð2Þ expansion provides a better estimate for the to-
tal potential energy than the Wð1Þ expansion, perhaps because the
hole position x^ ¼ 0 is far from the boundary oX. Unfortunately,
we cannot expect the same behavior for every problem. The
r^ ¼ 0 curve in Fig. 9 shows that the relative error in eWð2Þ is not very
large for smaller hole sizes, e.g. when /R < 0.4 the error is smaller
than 3%. Of course, the Wð2Þ expansion yields the best estimate, as
depicted in Fig. 8.
5.2. Topological derivative for a hole introduced at location x^ ¼ r^; h^
 
inside the domain X
Here we evaluate the total potential energy when a small hole
of radius  is introduced at a prescribed location x^ ¼ r^; h^
 
, as
shown in Fig. 10. Rather than using an analytical expression to ob-
tainW, here we verify the topological asymptotic expansion com-
putations using the ﬁnite element software ABAQUS (ABAQUS,
2005) to calculateWFE on domains with holes of different sizes  lo-
cated at different positions r^; h^
 
. Indeed we introduce ﬁnite size
holes  = {0.1,0.2,0.3} as shown in Fig. 11.
First we evaluate the total potential energy for holes at different
angles h^ and r^ ¼ 0:3, i.e., a point inside and somewhat distant fromFig. 13. Topological asymptotic expansions when a hothe boundary oX. One can see from Fig. 12 that the Wð1Þ expansion
gives good estimates for /R < 0.15. On the other hand, the Wð2Þ
expansion is able to give good estimates for larger size holes, i.e.,
/R < 0.25. We also note that the ‘‘incomplete” eWð2Þ expansion gives
a better estimate than the ﬁrst order topological asymptotic expan-
sion Wð1Þ . Moreover, it can be used to determine the range where
Wð1Þ is valid, i.e., /R < 0.15. From Fig. 9 we also observe that for
/R < 0.4 the relative error in Wð2Þ is smaller than 4% when the hole
is introduced at the angle h^ ¼ 0.
We now evaluate the total potential energy for holes at r^ ¼ 0:6.
In this case, the hole position is getting closer to the boundary oX,
especially for holes with large radius. One can see from Fig. 13 that
Wð1Þ continues to give good estimates for /R < 0.15. However, W
ð2Þ

no longer gives good estimates for larger size holes, e.g. /R > 0.2.
This observation can be explained by the closer proximity of the
hole to the domain boundary. Notably, the ‘‘incomplete” eWð2Þ
expansion does not introduce a substantial improvement over
the Wð1Þ expansion. Therefore, it cannot be used to limit the range
where Wð1Þ is valid. Indeed, as previously mentioned on Remarks 2
and 3, the larger holes located at r^ ¼ 0:6 are close to the boundary
oX so that disregarding the terms on the composite expansion cor-
responding to the outer problem j = 2 generates signiﬁcant errors,
cf. Fig. 9 for the h^ ¼ 0 case. We observe that when /R = 0.4 (i.e.,
the largest hole size for the location r^ ¼ 0:6) the relative error inle is introduced at r^ ¼ 0:6 and different angles h^.
3064 M. Silva et al. / International Journal of Solids and Structures 47 (2010) 3053–3066Wð2Þ is 18%, a much bigger value when compared to holes away
from the domain boundary.
In the context of topology optimization, the topological deriva-
tive level set determines the location where holes should be perco-
lated in each step of the optimization process. In a classical
optimization problem, we want to minimize the compliance sub-
ject to a volume constraint. Naturally, the nucleation of holes in-
creases compliance. Thus we want to nucleate holes such that
this increase is minimal, i.e., we want to nucleate holes at the posi-
tion x^ such that jW Wj is minimized.
Fig. 14 shows the level set that includes ﬁrst and second order
topological derivatives, i.e.,
WðXÞ WðXÞ
p2
¼ Dð1ÞT W x^ð Þ ð90Þ
and
WðXÞ WðXÞ
p2
¼ Dð1ÞT W x^ð Þ þ 2Dð2ÞT W x^ð Þ: ð91ÞFig. 14. Contour plots of WWp2 using left: ﬁrst order, center: second order and right:
 = {0.05,0.1,0.2,0.3} (from top to bottom).In these plots, the arrows point to the locations x^ in which the
nucleated holes of radii  = {0.05,0.1,0.2,0.3} yield the minimal
compliance increase. We see that including the second order topo-
logical derivative in the topological asymptotic expansion of the to-
tal potential energy changes the nucleation position. This additional
feature may improve the convergence of a topology optimization
algorithm that only considers ﬁrst order topological derivatives.
Recall that to obtain the level set of Eq. (91), we must solve the
j = 2 problem for each hole location x^. Indeed, the j = 2 outer prob-
lem is subject to the boundary traction
tð2ÞðxÞ ¼ 
gð0Þ 2; ~h
 
~r2
n; ð92Þ
where ~r, the distance from the center of the hole x^ to the boundary
location x, changes for each location x^ where Dð2ÞT W is evaluated.
When implemented with the ﬁnite element method, this requires
an additional loading for each x^, i.e., each node or Gauss point loca-
tion. Fortunately since the unperturbed domain X does not change,
only one stiffness matrix assembly and factorization is required.‘‘incomplete” second order expansions for the introduction of holes with radius
Fig. A.1. Principal stress visualization.
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stress of the j = 2 outer problem and also on the second derivative
of the stress of the j = 0 outer problem, both evaluated at x^, i.e.,
~tð2Þ ¼  T ð2Þ x^ð Þ þ 1
2
d2
dx2
T ð0Þ x^ð Þ½n;n
 !
n:
In the ﬁnite element method, the computation of this stress deriv-
ative is not straight forward; higher order ﬁnite elements or stress
recovery procedures may be required to obtain the desired level of
accuracy.
Fromthepreviousconsiderations,wenote that the solutionof the
j = 2 problemmight be impractical from the computational point of
view. To avoid this extra computation, one could base their esti-
mates on the ‘‘incomplete” second order topological derivative, i.e.,
WðXÞ WðXÞ
p2
¼ Dð1ÞT W x^ð Þ þ 2Dð2ÞT eW x^ð Þ: ð93Þ
Hole nucleation sites using this ‘‘incomplete” expansion also appear
in Fig. 14. As depicted, the differences between the ﬁrst order and
incomplete expansion are subtle for this example.
Finally, we note that the ﬁrst and the ‘‘incomplete” second order
topological derivative ﬁeld evaluations require only one analysis
on the unperturbed domain, corresponding to the primal problem
of Eq. (20) with t(j) = tP. It also requires the solutions of the inner
problems, one for Dð1ÞT W and two for D
ð2Þ
T
eW. Fortunately these prob-
lems have analytical solutions cf Eq. (23) which are readily evalu-
ated. Albeit, the j = 1 inner problem for the evaluation of Dð2ÞT eW
requires the computation of the stress derivative ddx T
ð0Þ x^ð Þ which,
as just discussed, may prove difﬁcult.
6. Conclusions
In this linear elasticitywork,wepropose an algorithmto evaluate
the composite expansion for the stress ﬁeld T at the boundary of a
hole when the radius  approaches zero. This approximated stress
ﬁeld is subsequently used to evaluate the higher order topological
derivatives based on the topological-shape sensitivitymethod. Here
we adopt the total potential energy as the response functionW and
compare the jth order topological asymptotic expansion WðjÞ with
analytical resultsW and also numerical resultsW
FE
 obtained using
the commercial software ABAQUS. We observe that the results ob-
tained via the topological derivative are in good agreement with
the analytical/numerical ones, especially for small size holes. As ex-
pected the Wð2Þ estimate gives better results for larger hole radii 
thanWð1Þ . Moreover,W
ð2Þ
 can be used to provide the range of  over
which theWð1Þ estimate gives reasonable approximations.
In order to calculate the Wð2Þ estimate, we need to compute the
O(2) term on the composite expansion of T. This calculation may
be impractical in most engineering problems, since it requires the
solution of a boundary value problem for each position x^. However,
the contribution of this term is minimal when the hole position x^ is
distant from the domain boundary oX. In this case, the use of the
‘‘incomplete” eWð2Þ estimate, which is based on the O() expansion
of T, appears to give reasonable results.
Appendix A. Solution of the inner problem
Using the Muskhelishvili complex potentials method (Muskhe-
lishvili, 1953), the inner stress
eT ¼ eT rr~er  ~er þ eT rh~er  ~eh þ eT hr~eh  ~er þ eT hh~eh  ~eh ðA:1Þ
is deﬁned in terms of two complex valued potentials u and w ex-
pressed in terms of the complex number z ¼ qei~h such that [Eqs.
(39.4) and (39.5) in Muskhelishvili (1953)]eT rrðzÞ þ eT hhðzÞ ¼ 2ðu0ðzÞ þu0ðzÞÞ;eT rrðzÞ  i eT rhðzÞ ¼ u0ðzÞ þu0ðzÞ  e2i~h zu00ðzÞ þ w0ðzÞð Þ; ðA:2Þ
where q is the magnitude of z and ~h is the angle between the radial
bases ~er and e^r cf. Fig. 3. In the above, the overbar denotes the com-
plex conjugate z ¼ qei~h and for the function f = fx + i fy where fx and
fy are real valued functions we have f ðzÞ ¼ fxðzÞ  i f yðzÞ and
f ðzÞ ¼ f ðzÞ.
For the inﬁnite region containing the hole bounded by oB1, we
write the complex potentials in the form [Eq. (56.3) in Muskhelish-
vili (1953)]
u0ðzÞ ¼
X1
k¼0
ak zk and w
0ðzÞ ¼
X1
k¼0
bk zk; ðA:3Þ
with coefﬁcients ak, bk that are generally complex. In the above, we
have [Eqs. (36.10) and (56.4) in Muskhelishvili (1953)]
a0 ¼
eT11 þ eT12
4
and b0 ¼ e2if
eT11  eT12
2
; ðA:4Þ
where eT11 and eT12 are the principal far ﬁeld stress components and
f is the angle between the eT11 principal vector and e^r , cf. Fig. A.1.
However, the boundary condition of Eq. (22) gives eT1 ¼ 0, hence
a0 ¼ 0 and b0 ¼ 0: ðA:5Þ
We also need to satisfy the condition of single-valued displace-
ments [Eq. (56.6) in Muskhelishvili (1953)], hence
ja1 ¼ b1; ðA:6Þ
where j = (3  m)/(1 + m) for plane stress problems.
We use Eq. (A.2) to determine the complex potentials that solve
the boundary value problem of Eq. (22). To do this we verify that
the global equilibrium is satisﬁed, i.e.,Z
oB1
~t ~h
 
doB1 ¼ 0; ðA:7Þ
in which the traction ~t ~h
 
is expressed via Fourier series [Eq. (56.8)
in Muskhelishvili (1953)]
~tr ~h
 
 i~th ~h
 
¼
X1
k¼1
Ak eik
~h; ðA:8Þ
where ~tr ¼ ~t  ~er and ~th ¼ ~t  ~eh. Combining Eqs. (A.7) and (A.8), we
see that
A1 ¼ 0: ðA:9Þ
We next express the hole boundary condition of Eq. (22) using
n ¼ ~er , i.e.,eT 1; ~h ~er ~h  ¼ ~t ~h ; ðA:10Þ
and hence from Eq. (A.2) we obtain
u0ðzÞ þu0ðzÞ  e2i~h zu00ðzÞ þ w0ðzÞð Þ ¼  ~tr ~h
 
 i~th ~h
  
; ðA:11Þ
for z 2 oB1, i.e., z ¼ ei~h. Combining the above Eqs. (A.3) and (A.8) and
(A.11) gives, again with z ¼ ei~h 2 oB1
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k¼0
ð1þ kÞak eik~h þ
X1
k¼0
ak eik
~h  b0 e2i~h  b1 ei~h

X1
k¼0
bkþ2 eik
~h ¼ 
X1
k¼1
Ak eik
~h: ðA:12Þ
Matching the eik~h terms and using Eqs. (A.5), (A.6) and (A.9) gives
a0 ¼ b0 ¼ a1 ¼ b1 ¼ 0;
b2 ¼ A0;
ak ¼ Ak; kP 2;
bk ¼ ðk 1ÞAk2 þ Akþ2; kP 3;
ðA:13Þ
where
Ak ¼ 12p
Z 2p
0
~tr ~h
 
 i~th ~h
  
eik~hd~h: ðA:14Þ
To obtain the inner stress eT at any point of the domain we replace
Eq. (A.3), now with the known coefﬁcients ak and bk of Eq. (A.13),
into Eq. (A.2) which gives
eT ðjÞ q; ~h  ¼X1
k¼2
1
qk
gðjÞ k; ~h
 
; ðA:15Þ
where the cylindrical components of g are
grr k; ~h
 
¼ ð2þ kÞ cos k~h
 
Refakg þ sin k~h
 
Imfakg
 
 cos ð2 kÞ~h
 
Refbkg  sin ð2 kÞ~h
 
Imfbkg
ghh k; ~h
 
¼ ð2 kÞ cos k~h
 
Refakg þ sin k~h
 
Imfakg
 
þ cos ð2 kÞ~h
 
Refbkg þ sin ð2 kÞ~h
 
Imfbkg
grh k; ~h
 
¼ k cos k~h
 
Imfakg  sin k~h
 
Refakg
 
þ sin ð2 kÞ~h
 
Refbkg  cos ð2 kÞ~h
 
Imfbkg:
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